Introduction
Consider a standard, conservative Markov process in continuous time, whose state space E -{0, 1, 2, ---} constitutes an irreducible class. Let its (stationary) transition probabilities be denoted by pgi(t) (i, je E, t ? 0). The transition i -> j is then said to be exponentially ergodic if pii(t) tends to its ergodic limit pi (independent of i because of the irreducibility of E) exponentially fast, i.e., if there exists an a > 0 such that as t -> oo, where y= y(dq/), but there may be pairs i, j for which the factor y in (1.7) can be improved. This contingency is brought about when df has an isolated point mass at -y and Qi(y)= 0 or Q1(y)= 0. This being an exceptional case (there is at most one n such that Q,(y) = 0), it is quite natural, indeed common practice, to call y the decay parameter of the process and the process exponentially ergodic if y >0. Proofs for the above statements (which are essentially Callaert's) may be given along the alternative lines sketched for the transient or null-recurrent case. Summarizing, birth-death processes provide an illustrative example of Kingman's solidarity theorems for Markov processes in view of Karlin and McGregor's spectral representation (1.2) and Callaert's fundamental result (which can be given a relatively simple proof) that the decay parameter of a birth-death process equals y(dq/), where dq/ is the associated mass distribution.
Two obvious problems now arise in the context of birth-death processes, viz., (i) to give criteria for y(dq) to be positive in terms of the parameters which usually define a birth-death process (the birth and death rates), and more specifically (ii) to determine the value of y(dqj) or at least bounds for y(dfr) in terms of the rates. These are the problems to which this paper is addressed.
The plan of the paper is as follows. In Section 2 we formally introduce the necessary concepts and results related to birth-death processes and, in particular, to the spectral representation for their transition probabilities. In Section 3, which is the core of the paper, we give a characterization for the decay parameter of a birth-death process. Then, in Section 4, we shall obtain bounds for the decay parameter which are based on this characterization. Most of the preparatory work in this respect is done in a separate paper (Van Doorn (1984) ) in which the more abstract terminology of orthogonal polynomials is used. Finally, problem (i) above will be tackled in Section 5. That is, we give conditions for a birth-death process to be exponentially ergodic. In particular we give the precise conditions for exponential ergodicity when, from some finite state n onwards, the birth and death rates are rational functions of n. Here iri is as in (2.10), and the distribution di is of total mass 1, has infinite support, and satisfies
Our standard assumption is that we are dealing with a simple birth-death process, i.e., (2.9) is fulfilled, which makes that d4 is uniquely determined by the above-mentioned properties. The transition probabilities pj(t) of the birthdeath process with rates IA, and PI, can now be represented as to-0 and dei is a mass distribution on [0, oo) of total mass 1, with infinite support and finite moments of all orders, satisfying (2.17), and uniquely determined by the polynomials Q,(x) which are orthogonal with respect to de (or, equivalently, by its moments). Then the Q,(x) satisfy, if properly normalized, a recurrence relation of the type (2.15) with A,, n,+1 >0 (n ?0). Since to is fixed, all parameters A, and EP, are uniquely determined and satisfy, in fact, (2.9), so that they are the birth and death rates of a simple birth-death process. Conversely, the mass distribution arising in the representation formula (2.18) for this latter birth-death process is of course the original distribution dif. Summarizing, we see that a simple birth-death process can be represented by its rates as well as by the pair (p00, dq), where Ito is the death rate in state 0, and di the mass distribution in the representation formula (2.18).
2.3. The spectrum. We consider a simple birth-death process with rates A, and p,. {Q,(x)}, denotes the set of polynomials and df the mass distribution associated with {A,, 4,}, through (2.15)-(2.17). We will state some properties of the spectrum S of the process, which is defined as the support of the 
1-O x-1 dl(x) x=O
Pox-dqi(x) x>O.
Representations for the decay parameter

Consider a simple birth-death process {pi (t) I i, j e E, t = 0} and let p1 denote the limit as t ---of p1j(t). The decay parameter a* of this process is formally defined as (3.1) a* sup {a _O pii(t)-pi= O(e-"') as t --oo for all i, jeE},
and the process is said to be exponentially ergodic if a*> 0. We have seen in Section 2.2 that the process {pii(t)} can be represented by a pair (go, d4i), where go is the death rate in state 0 and dqi the mass distribution appearing in Karlin and McGregor's representation formula for pii(t). With y(d4) defined as in (1.3), we now have the following theorem, which, as mentioned in the introduction, is essentially due to Callaert (1971), (1974).
Theorem 3.1. The decay parameter of a simple birth-death process represented by (go, di) equals y(dip).
A birth-death process is usually not defined in terms of a pair (go, d4l), but in terms of a set of birth and death rates {An, An},. nWhat we seek, therefore, is to express y(dqi) in the corresponding rates ,n and An. An intermediate step towards this goal is to relate y(dqi) to the limit points &, of (2.23), which are uniquely determined by the birth and death rates via the polynomials On of (2.15). Thus from the preceding results and Theorem 3.1 we conclude the following. We have now transformed the problem of finding the decay parameter of a simple birth-death process, given the birth and death rates, into that of finding the first limit point of the set of zeros of a sequence of orthogonal polynomials, given their recurrence relations. For the latter problem a substantial body of results (representations and bounds) is available (see Chihara (1978) , (1982b), Van Doorn (1984) and references therein). In the next sections we shall apply some of these results.
Bounds for the decay parameter
We shall collect some bounds for the decay parameter a * of a simple birth-death process with rates A, and g,. Throughout this section we shall assumet ko= 0, which covers the most interesting case. Table 1 , where we have given the results of all calculations for s = 10, g = 1 and various values for the traffic intensity. We finally notice that for p = 0-05 we can apply Lindvall's argument of the previous example. The lower bound thus obtained is, however, inferior to those given in Table 1 .
In closing this section we remark that Bordes and Roehner (1983) give a lower bound for the decay parameter of a birth-death process in the case that either the series (2.14) or the series Proof. The bounds given in the previous theorem readily yield (i) and (ii). Using (2.20)-(2.21) and after some algebra, the remaining cases can be reduced to situations analysed by Chihara (1982b).
Remarks. The first assertion in (i) follows also from a classical result known as Blumenthal's theorem (Chihara (1978) ). Statement (ii) was proven earlier by Maki (1976) for natural p and q. Processes of the type described in (iv) have recently been studied in some detail by Roehner and Valent (1982) and Letessier and Valent (1984) .
We conclude with some miscellaneous conditions for exponential ergodicity. while the first statement in (5.4) is equivalent to null-recurrence of the pertinent process. It follows that a necessary condition for exponential ergodicity of a birth-death process is that it is either transient or positive recurrent.
